Abstract. We extend slightly the results of Evens-Mirković, and "compute" the characteristic cycles of Intersection Cohomology sheaves on the transversal slices in the double affine Grassmannian. We propose a conjecture relating the hyperbolic stalks and the microlocalization at a torus-fixed point in a Poisson variety.
1. Introduction 1.1. For a perverse sheaf F on a smooth complex variety Y , a basic problem in microlocal geometry is to compute the characteristic cycle CC(F) = S∈S c S T * S Y : a positive integral combination of the closures of the conormal bundles to locally closed strata S ⊂ Y . This problem was solved by S. Evens and I. Mirković in [3] for Goresky-MacPherson sheaves of G [[z] ]-orbits in the affine Grassmannian Gr G of a semisimple complex group G. Namely, they were able to prove the vanishing of all the Euler obstructions by computing the A-equivariant Euler characteristic of the complex links (A ⊂ G is a Cartan torus). In their approach, it was essential that the strata S were the orbits of some algebraic group action, and that the conormal fibers could be identified with some algebraic Lie algebras.
The results of [3] suggest the existence of a microlocal fiber functor from the geometric Satake category Perv G [[z] ] (Gr G ) to the category of representations of the Langlands dual group G. A conjectural affine analogue Gr aff G of Gr G (the double affine Grassmannian) was introduced in [2] . More precisely, the whole Gr aff G is too infinite-dimensional to handle by the machinery available at the moment, and we are bound to think of it as of a collection of (finite-dimensional) transversal slices. For one thing, the price we have to pay for this lame approach is that the strata are no longer orbits of any group action.
Fortunately, they are still the symplectic leaves of a Poisson structure. This equips the conormal fibers with a Lie algebra structure, and the argument of Evens-Mirković goes through. This is proved in Section 3 after some general preparation in Section 2, answering a question of S. Evens.
An isomorphism of the (would be) microlocal fiber functor with the standard Mirković-Vilonen fiber functor is a relation between the hyperbolic stalks and the microlocalization at the torus-fixed points. It seems to go through in our extended setup, see Conjecture 4.3. If true, it would express the classical R-matrices of [5, Section 4.8] as the action of the microlocal fundamental group.
There is one more rich class of algebraic Poisson varieties with finitely many symplectic leaves: Nakajima quiver varieties. They satisfy all the technical conditions of 2.3 except one (apart from type A case, finite or affine): the torus fixed point set is not discrete. So already in the simplest examples of type D, E Kleinian singularities (finite type quiver varieties, corresponding to the zero weight of the adjoint fundamental representation) the Euler obstruction does not vanish. More precisely, it is equal to 1 for all type D, E Kleinian singularities (there are but 2 strata), so that the multiplicity of the cotangent fiber at the singular point in the characteristic cycle of IC (=constant) sheaf is 2. 
, χ is L-constructible and we denote by χ α (F) its value on a stratum α. The second function, c(F) comes from the characteristic cycle
its value on stratum α is equal to c α (F), which is called the microlocal multiplicity of F along α.
denotes the conormal bundle to the stratum α. For any pair of strata α and β the Euler obstruction e α,β is defined as c α (C β ), where C β is the constant sheaf on β, extended by zero on Y .
A 
• a holomorphic function φ on N vanishing at y and such
is, up to sign, the Euler characteristic of a compactly supported cohomology of the intersection of β with a nearby hyperplane φ −1 (t), near α and normal to α. So the main question left is the existence of an A c -invariant function with generic differential. In the next subsection we formulate some technical conditions which guarantee the existence. In the next section we check the technical conditions in our main example.
2.3. Setup. X is an affine complex Poisson variety with finitely many symplectic leaves X i , i ∈ L. The closure of X i is denoted by X i . The Poisson bracket on R := C[X] is denoted by {, }. A reductive group G with Lie algebra g acts on X preserving the bracket {, }. We assume the existence of a moment map µ :
A for a maximal torus A ⊂ G consists of a single point x ∈ X, a 0-dimensional symplectic leaf. Additionally, a one-parametric group C × acts on X commuting with G. We assume that the corresponding action on R has only positive weights: it induces the grading R = C ⊕ l>0 R l , and m x = l>0 R l . We assume the Poisson bracket has weight w > 0 with respect to the one-parametric group C × , i.e. {R l , R m } ⊂ R l+m−w . Finally, we assume that R l = 0 for 0 < l < w, and R w coincides with the image of µ * on linear functions on g * : g µ * → R.
Cotangent Lie algebra.
The Poisson bracket on R induces a Lie algebra structure on the Zariski cotangent space T *
In effect, since x is a symplectic leaf, the Poisson bivector vanishes at x, and {m x , m x } ⊂ m x . By Leibniz rule {f g, h} = f {g, h} + g{f, h}, we also have {m x and provides it with a structure of Lie algebra, to be denoted q. The grading on m x gives rise to a grading on q = l≥w q w . We define q m := q k+m . With this new shifted grading, the Lie bracket is homogeneous, so q becomes a nonnegatively graded Lie algebra.
Lemma 2.5. q is an algebraic Lie algebra, i.e. there exists a complex algebraic Lie group Q with Lie algebra q.
Proof. By our assumptions in 2.3, q 0 is a quotient of g, and hence we can take for Q 0 a quotient of G. The nilpotent ideal q >0 integrates to a unipotent algebraic group Q >0 , and the adjoint action of q 0 on q >0 integrates to the action of G on q >0 (factoring through G ։ Q 0 ). The lemma follows.
Calculation of Euler obstructions.
There is a Zariski open neighbourhood U of x in X, and a closed embedding U ֒→ Y into a smooth algebraic variety which induces an isomorphism on the Zariski tangent spaces
This is a nonempty open subset of q. It is clearly independent of the choices of U and Y above. Moreover, if we choose any closed embedding U ֒→ Y ′ giving rise to a surjection p :
Lemma 2.7. q reg ⊂ q is invariant with respect to the adjoint action of Q on q.
Proof. Let C x X i ⊂ C x X ⊂ T x X = T x Y be the normal cones. Let C sm x X i ⊂ C x X i be the smooth part. The deformation to the normal cone construction proves that T *
x Y . Now the LHS is the cone over the closed subvariety of Pq = PT *
* is a Poisson subvariety, it is Q-invariant; hence its projective dual is Q-invariant as well. Proof. First we consider e x,X . According to [6, 2.13] , there is a nonzero q ∈ q reg stabilized by a maximal torus T ⊂ Q. Since all the maximal tori in Q are Q-conjugate, while q reg is Q-invariant, we can find another nonzero element q ′ ∈ q reg stabilized by the maximal torus A ⊂ G → Q (notations of 2.3). Choose an A-equivariant closed embedding X ֒→ A N , and lift q ′ to an A-invariant linear function φ on A N . Now the argument of [3, proof of Theorem 2.2] proves e x,X = 0.
For an arbitrary symplectic leaf x = X i ⊂ X we just replace X by X i in the above argument: all the assumptions of 2.3 are clearly satisfied with the same A ⊂ G, C × .
3. Applications to transversal slices in double affine Grassmannians 3.1. Uhlenbeck spaces. We follow the notations of [2] . To begin with, for an almost simple simply connected complex algebraic group H we denote by U a H (A 2 ) the Uhlenbeck closure of the moduli space Bun a H (A 2 ) of H-bundles on P 2 trivialized along P 1 of second Chern class a. It is acted upon by H×Aff(2). Here H acts by the change of trivialization, while Aff(2) = GL(2)⋉G 2 a (the group of affine motions of A 2 , i.e. Aut(P 2 , P 1 )) acts via the transport of structure. The normal subgroup G . The diagonal strata are nothing but the symplectic leaves of the Poisson structure; in particular, there are finitely many symplectic leaves. We will denote the stratum Bun
H for short, and its image in the reduced Uhlenbeck space
is the decomposition into symplectic leaves. Among those, there is a unique 0-dimensional leaf: the one for b = 0, P = (a). This point x is the unique fixed point for any maximal torus A ⊂ G. In order to compute the weight w of the Poisson structure with respect to the C × -action we recall the Hamiltonian reduction construction of U 
: AB − BA + pq = 0, Tr A = Tr B = 0}. The vector space M has a natural symplectic structure which gives rise to the Poisson structure on the categorical quotient M 0 (V, W ). The action of C × on M 0 (V, W ) comes from the dilation action t · (p, q, A, B) = (tp, tq, tA, tB) on M . Evidently, the symplectic form on M has weight 2 with respect to this action, so w = 2. By the construction of the Poisson structure on ′ U a H (A 2 ), it has weight 2 for arbitrary H as well.
It remains to find all the functions on ′ U a H (A 2 ) of C × -weights 1,2. Again we start with H = SL(r). By the classical invariant theory, all the GL(V )-invariant functions on M ′′ are generated by the following ones: (a) matrix elements of qCp ∈ End(W ) where C is a word in the alphabet (A, B) ; (b) traces of C ∈ End(V ) where C is a word in the alphabet (A, B) . Evidently, the C × -weight of (a) is length(C) + 2, while weight(Tr C) = length ( 
